Abstract. Let p ≥ 5 be prime, Sp the set of all characteristic p supersingular j-invariants in Fp − {0, 1728}, and Mp the set of all monic irreducible quadratic polynomials in Fp[x] whose roots are supersingular j-invariants.
Introduction
Throughout this paper let q := e 2πiz , and let j(z) be the usual elliptic modular function on SL 2 (Z): We recall an infinite class of monic polynomials j m ∈ Z[j(z)] of degree m. The j m can be described in two ways. Let j 0 (z) = 1, and for each positive integer m, let j m (z) be given by
where T 0 (m) is the normalized mth Hecke operator of weight zero. Notice that for each m, j m (z) is the unique modular function that is holomorphic on the upper half plane H and has Fourier expansion of the form
The first few j m (z) are:
For a second description of the j m and more about their importance see [Br-K-O] .
Here we show that the j p (z) are also important for studying the p-adic properties of modular forms. For primes p ≥ 5, let S p be the set of all characteristic p supersingular j-invariants in F p − {0, 1728}, and M p the set of all monic irreducible quadratic polynomials in F p whose roots are supersingular j-invariants. As a special case of the work of Deligne and Dwork [D] on the p-adic rigidity of the map j(z) → j(pz), Koike [K] described the Fourier expansion of j(pz) (mod p 2 ). Refining the simple fact that j(pz) ≡ j(z) p (mod p), Koike proved (see [K] , [D] ) that for primes p ≥ 5 there exist integers
Here we provide an explicit description of the polynomials D p (x) in terms of the j p . If p ≥ 5 is prime, then in F p [j] we show that
In particular, we prove the following theorem. 2. Proof of Theorem 1.1
We begin with a preliminary lemma.
Lemma 2.1. Suppose f, g ∈ Z[x] are polynomials with g monic, and deg g = m > deg f = n. Then the Fourier expansion of
k , where a(k) ∈ Z (i.e., there are only positive powers of q).
Proof. By the hypotheses q n f (j(z)) is in the ring of formal power series
Proof of Theorem 1.1. Define the polynomial
Now looking at the q-expansions of j p (z) and j(pz) we see that the left hand side has only positive powers of q. In particular,
where a(n) ∈ Z. Thus by Lemma 2.1 we deduce that F p (j(z)) and pD p (j(z)) have the same coefficients of q n for n ≤ 0 modulo p 2 . As polynomials in Z[x] the coefficients of x are determined solely by these q-coefficients for nonpositive powers of q. So we have F p (x) ≡ pD p (x) (mod p 2 ), and thus in
